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By investigating the effects of the configurational entropy, the vibrational entropy and the bonding strength of solid-liquid atoms on
the structure of solid-liquid interface, a model for the interface energy of rough solid-liquid interface has been developed. From present
model, the non-dimensional solid-liquid interface energies for metals at melting point are predicted to be 0.66–0.73, which are almost equal
to the experimental result (0.66–0.75) obtained from grain boundary method. The solid-liquid interface energy decreases with increasing
undercooling. At the maximum undercoolings that metals have reached, the non-dimensional solid-liquid interface energies predicted from
present model are equal to 0.52–0.56. They are near to the experimental results (0.49–0.57) obtained from nucleation undercooling method. The
predicted results of solid-liquid interface energy for metals from present model are in very good agreement with the experimentally measured
results at melting point and undercooled state.
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1. Introduction

The solid-liquid interface energy is an important physical
parameter in nucleation and solidification theory. A com-
plete comprehension of nucleation and solidification process-
ing cannot be achieved without a clear knowledge of the solid-
liquid interface energy.

Direct measurements of the solid-liquid interface energy
have been possible in opaque alloy system1–4) and transpar-
ent materials.4–6) For opaque pure metals, it is difficulty to
directly measure the solid-liquid interface energy. Their val-
ues have usually had to be extrapolated from the dependence
of the solid-liquid interface energy of alloy on composition,
which can be measured by using grain boundary method,3) or
estimated from nucleation undercooling method on basis of
the homogenous nucleation theory and the measured under-
cooling.7–9)

Several theoretical models for the solid-liquid interface en-
ergy of metals have been made.10–14) During these models,
the most famous one is the model developed by Spaepen
et al.10, 11) In Spaepen model, the solid-liquid interface is sup-
posed as a perfect smooth one. However, for metals, the solid-
liquid interface is not a smooth one but a rough one. So,
the predicted results from Spaepen model for metals are not
only much higher the values from nucleation undercooling
method for all metals but also are distinct higher than the re-
sults obtained from the grain boundary method for some met-
als. There are two models whose results are comparatively
near to the values of solid-liquid interface energy measured
from the grain boundary method and the nucleation under-
cooling method, respectively. One is the model developed by
Grananfy et al.,12) whose result is near to the experimental
value of solid-liquid interface energy at undercooled state ob-
tained from the nucleation undercooling method, but lower
than the value at melting point measured from grain bound-
ary. Another one is the model acquired by Jiang et al.,14)

the result of which comes near to the experimentally mea-

sured data at melting point from grain boundary method, but
higher than that from nucleation undercooling method at un-
dercooled state. So, at the moment, there is not a model of the
solid-liquid interface energy for metals, whose results are not
only in agreement with the measured values of solid-liquid
interface energy at melting point, but also coincide to the ex-
perimental values obtained at undercooled state. So it is nec-
essary to further investigate the model of the solid-liquid in-
terface energy for metals.

The purpose of this paper is, by investigating the effects
of thermodynamic elements on the structure of solid-liquid
interface, to develop a model of the solid-liquid interface en-
ergy that matches the real structure of solid-liquid interface.

2. Solid-liquid Interface Energy of Metals at Melting
Point

2.1 Solid-liquid interface energy of a perfect smooth
interface

For convenience of investigation, we first discuss the solid-
liquid interface energy in case that the interface is supposed
as a perfect smooth one.

For condensed phases at ambient pressure, as shown in
Fig. 1, the entropy in liquid phase Sl is greater than that in
solid phase Ss. The difference of entropy between liquid
phase and solid phase at melting point is the entropy of fusion
∆Sf.

The entropy of fusion consists two components: a vibra-
tional part ∆Sf,v and a configurational part ∆Sf,c. The vibra-
tional part results from the increased local volume to the liq-
uid atom for vibration around its average position. The con-
figurational part is due to the number of configurations that
are possible for a given energy of the random assembly of
liquid atoms.

If the atoms in both crystal and liquid are thought to be vi-
brating about a fixed average position, for close packed metal,
the difference in molar vibrational entropy between the two
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Fig. 1 Schematic representation of interface energy, entropy of fusion and
the vibrational entropy of fusion in solid-liquid interface.

Table 1 Values of γ for some metals.10)

Metals γ

Silver 2.40

Copper 1.96

Nickel 2.01

Zinc 1.88

phases is determined by following equation:10)

∆Sf,v = 3γ R ln
Vl

Vs
(1)

where R is molar gas constant, Vs and Vl are the molar vol-
umes of crystal and liquid respectively, γ is Grüneisen con-
stant. The values of γ for some metals are shown in Table 1.
It can be seen that the values of γ for metals are around 2.

Because the bounding strength for a bond of solid-liquid
atoms is greater than that of liquid-liquid atoms, the first layer
liquid atoms in the interface (i.e., the liquid atoms neighbor
directly with the solid atoms in the interface) cannot freely
configure as the atoms in the bulk liquid. So the configura-
tion of the liquid atoms in first layer of the interface should
correspond to that of solid atoms. As is stated above, the con-
figurational entropy depends on the configuration of atoms, so
it can be thought that the configurational entropy of the liquid
atoms in the first layer of interface should approximately be
equal to that of the solid atoms. In other words, the configura-
tional entropy of fusion for the liquid atoms in the first layer
of interface should approximate to zero.

Therefore, if the vibrational entropy of fusion for the liquid
atoms in first layer of interface is represented as ∆Sf,v,i, for a
perfect smooth interface as shown in Fig. 1, the relationship
among ∆Sf,v,i, ∆Sf and the solid-liquid interface energy σsl is

as follows:
σsl As

Tm
= ∆Sf − ∆Sf,v,i, (2)

where As is the molar surface area of solid and it is in the
form of:

As = b 3
√

V 2
s NA, (3)

where NA is Avogadro’s constant, b is a coefficient depending
on the structure of crystal. The value of b is equal to 1.09 for
fcc and hcp crystals and it is equal to 1.12 for bcc crystal.15)

Dividing eq. (2) by ∆Sf, we can obtain a non-dimensional
solid-liquid interface energy φsl:

φsl = σsl As

Tm∆Sf
= ∆Sf − ∆Sf,v,i

∆Sf
. (4)

Generally, the density of the atom in the solid-liquid inter-
face should be greater than that of the atom in the bulk solid
but lower than that of the atom in the bulk liquid. If it is sup-
posed that the density of the atom in the solid-liquid interface
is equal to the average of the densities of the bulk solid and
liquid, the vibrational entropy of fusion for the liquid atoms
in the first layer of interface, ∆Sf,v,i, can be written as follows
according to eq. (1):

∆Sf,v,i = 3γ R ln
Vl + Vs

2Vs
. (5)

The calculated values of ∆Sf,v,i and φsl for some metals
are shown in Table 2. It can be seen that the values of non-
dimensional solid-liquid interface energy φsl for metals are in
a range from 0.83 to 0.89 when the solid-liquid interface is
supposed as a smooth one, which is similar to the result of
the model obtained by Spaepen et al.10, 11) From their model,
the non-dimensional solid-liquid interface energy is predicted
to be 0.86 for fcc crystal on condition that the interface is
thought as a perfect smooth one. But for metals, the solid-
liquid interface is not a smooth one. So we must modify above
model so as to make it match the structure of metals.

2.2 Modification on the perfect smooth model of solid-
liquid interface

The equilibrium structure of solid-liquid interface should
coincide to the state that the energy in the interface is at the
minimum, which can be deduced in following procedures.
When solid atoms are randomly added on a smooth solid-
liquid interface, the interface will change in two aspects: pro-
ducing new configurational entropy due to the random assem-
bly of liquid and solid atoms (Sc,A), and producing new bonds
of solid-liquid atoms in the interface layer (Nsl).

The produced configurational entropy Sc,A can be calcu-
lated by following equation:

Sc,A = −k N [x ln x + (1 − x) ln(1 − x)], (6)

where N is the lattice numbers of atoms in the interface, k is
Boltzmann’s constant, x is the fraction of solid atoms in the
interface.

The produced bonds of solid-liquid atoms in the interface
layer Nsl can be written as follows:

Nsl = N Z ix(1 − x), (7)
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Table 2 Predicted values of ∆Sf,v,i and φsl for some metals.

Elements ∆Sf (Jmol−1 K−1)7) Vs × 106 (m3 mol−1)15) Vl × 106 (m3mol−1)15, 16) ∆Sf,v,i (Jmol−1 K−1) φsl

Gold 9.56 10.76 11.39 1.44 0.85

Silver 9.12 11.16 11.54 1.01 0.85

Aluminum 11.45 10.59 11.41 1.89 0.83

Copper 9.59 7.61 7.91 1.03 0.89

Iron 8.86 7.66 7.98 1.03 0.88

Nickel 10.73 7.11 7.57 1.59 0.85

Cobalt 8.70 7.21 7.60 1.03 0.88

Platinum 9.62 9.68 10.15 1.20 0.88

where Z i is the number of the nearest neighbors surrounding
around an atom in the interface layer.

From eq. (4), we can obtain the energy for one bond of
solid-liquid atoms ∆Esl:

∆Esl = φslTm∆Sf

N Zn
, (8)

where Zn is the number of the nearest neighbors in the next
layer adjoining with an atom in the interface layer.

The product of ∆Esl and Nsl is the produced energy due
to producing new bonds of solid-liquid atoms in the interface
layer ∆Esl,A:

∆Esl,A = φslTm∆Sf Z ix(1 − x)

Zn
. (9)

The total variation of energy due to adding solid atoms
on a smooth solid-liquid interface —∆Gsl,A is the sum of
-Tm∆Sc,A and ∆Esl,A. The value of N in eqs. (6), (7) and
(9) is equal to Avogadro’s constant NA when the solid-liquid
interface is in a molar area. So, for a molar area of interface,
∆Gsl,A can be written as follows:

∆Gsl,A = NAkTm[αx(1 − x) + x ln x + (1 − x) ln(1 − x)],
(10)

where

α = φsl∆Sfξ

NAk
, (11)

ξ = Ni

Nn
. (12)

The values of ξ for fcc, bcc and hcp crystals are equal to
6/3, 4/2 and 6/3 respectively, in other words, they are equal
to 2. Considering from the structure homogeneity of crystal,
the values of ξ for other types of structure should be approxi-
mately 2 also. So we can think that ξ is equal to 2.

The equilibrium structure of solid-liquid interface should
correspond to the state at which ∆Gsl,A is at the minimum.
Analyzing eq. (10) mathematically, it is found ∆Gsl,A is at
its minimum at the point that x is equal to 0.5 when α is not
grater than 2, and the minimum of ∆Gsl,A is:

∆G∗
sl,A = NAkTm(0.25α + ln 0.5), (α ≤ 2) (13)

where ∆G∗
sl,A is the minimum of ∆Gsl,A. When α is greater

than 2, the value of x corresponding to the minimum of
∆Gsl,A deviates from 0.5. Its value—x∗ can be determined

by differentiating eq. (10) and letting it be zero:

ln(1 − x∗) − ln x∗

1 − 2x∗ = 2φsl∆Sf

NAk
= α. (14)

The corresponding ∆G∗
sl,A is:

∆G∗
sl,A = NAkTm
αx∗(1 − x∗) + x∗ ln x∗

+ (1 − x∗) ln(1 − x∗)�. (α > 2) (15)

If the solid-liquid interface energy corresponding to ∆G∗
sl,A

is expressed as φ∗
sl, the relationship among φ∗

sl, φsl and ∆G∗
sl,A

is:

σ ∗
sl As = σsl As + ∆G∗

sl,A. (16)

From eqs. (3)–(5), (13) and (15), we can obtain the equi-
librium solid-liquid interface energy of metals:

φ∗
sl = β

(
1 − 6

∆Sf
ln

Vs + Vl

2Vs

)
, (17)

where

φ∗
sl = σ ∗

slb
3
√

NAV 2
s

Tm∆Sf
, (18)

β = 1.5 + 2 ln 0.5

α
, (α ≤ 2) (19)

β = 1 + 2x∗(1 − x∗)

+ 2x∗ ln x∗ + 2(1 − x∗) ln(1 − x∗)
α

, (α > 2) (20)

The predicted values of α, β, φ∗
sl and σ ∗

sl for some metals are
shown in Table 3. It can be seen that the predicted values of
non-dimensional solid-liquid interface energy for metals are
in a region from 0.66 to 0.73.

3. Solid-liquid Interface Energy of Metals at Under-
cooled State.

For undercooled state, the solid-liquid interface energy of
a perfect smooth interface can be expressed as an equation
similar to eq. (2):

σsl,T As,T

T
= ∆Sf,T − ∆Sf,v,i,T , (21)

where T is temperature, σsl,T , As,T , ∆Sf,v,i,T , and ∆Sf,T are
the solid-liquid interface energy, molar surface area of solid,
the vibrational entropy of fusion in the interface and entropy
of fusion at T , respectively.
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Table 3 Predicted values of α, β, φ∗
sl and σ ∗

sl for some metals.

Elements α β φ∗
sl σ ∗

sl (Jm−2)

Gold 1.96 0.79 0.67 0.187

Silver 1.95 0.79 0.70 0.168

Aluminum 2.29 0.88 0.73 0.167

Copper 2.05 0.81 0.72 0.256

Iron 1.88 0.76 0.67 0.270

Nickel 2.19 0.85 0.72 0.382

Cobalt 1.84 0.75 0.66 0.293

Platinum 2.04 0.81 0.71 0.331

The values of 1
VT

dVT
dT for solid and liquid metals are in a

range from 10−5 to 10−6 K−1,15, 16) where VT is the molar vol-
ume of metal at T . Obviously, the effect of T on VT is very
trivial. So the values of As,T and ∆Sf,v,i,T in eq. (21) can be
thought to be approximately equal to their values at melting
point, As and ∆Sf,v,i, respectively.

∆Sf,T depends on the specific heats of solid and liquid, Cp,s

and Cp,l, and undercooling ∆T (where ∆T = Tm − T ). The
relationship among them is:

∆Sf,T = ∆Sf + ∆ST , (22)

where

∆ST =
∫ T

Tm

Cp,l − Cp,s

T
dT . (23)

Practicing the subsequent procedures that we have done
above in the investigation of the solid-liquid interface energy
at melting point for metals to modify eq. (21), we can ob-
tain the equilibrium solid-liquid interface energy of metals at
undercooled state:

φ∗
sl,T = βT

(
1 − 6

∆Sf
ln

Vs + Vl

2Vs

+ 1

∆Sf

∫ T

Tm

Cp,l − Cp,s

T
dT

)
T

Tm
, (24)

where

φ∗
sl,T = σ ∗

sl,T b3
√

NAV 2
s

Tm∆Sf
, (25)

βT = 1.5 + 2 ln 0.5

αT
, (αT ≤ 2) (26)

βT = 1 + 2x∗
T

(
1 − x∗

T

)

+ 2x∗
T ln x∗

T + 2
(
1 − x∗

T

)
ln

(
1 − x∗

T

)
αT

, (αT > 2)

(27)

αT = 2φsl∆Sf

NAk
+ 2

NAk

∫ T

Tm

Cp,l − Cp,s

T
dT

= ln
(
1 − x∗

T

) − ln x∗
T

1 − 2x∗
T

, (28)

where φ∗
sl,T and σ ∗

sl,T are the non-dimensional solid-liquid in-
terface energy and solid-liquid interface energy of metals at

Table 4 Cp,s and Cp,l of metals.

Elements Cp,l (Jmol−1 K−1)17) Cp,s(Jmol−1 K−1)18)

Gold 30.96 23.66 + 5.18 × 10−3T

Silver 30.56
21.31 + 8.54 × 10−3T

+1.51 × 105T −2

Aluminum 31.80 20.68 + 12.39 × 10−3T

Copper 33.00 22.65 + 5.86 × 10−3 T

Iron 43.05 20.27 + 12.54 × 10−3 T

Nickel 39.30 25.08 + 7.52 × 10−3T

Cobalt 40.38 40.13

Platinum 36.50 24.24 + 5.35 × 10−3T

Table 5 Values of the maximum undercooling obtained in some metals.

Elements Tm (K) ∆T (K) ∆T
Tm

Gold 1336 2307) 0.17

Silver 1234 2609) 0.21

Aluminum 933 1908) 0.20

Copper 1356 2389) 0.18

Iron 1809 29519) 0.16

Nickel 1726 36519) 0.21

Cobalt 1768 33019) 0.19

Platinum 2042 37019) 0.18

Table 6 Predicted values of solid-liquid energy at the maximum undercool-
ing listed in Table 5 from present model for some metals.

Elements ∆ST (Jmol−1 K−1) αT βT φ∗
sl,T σ ∗

sl,T (Jm−2)

Gold −0.19 1.91 0.77 0.53 0.144

Silver 0.06 1.96 0.79 0.56 0.135

Aluminum −0.18 2.24 0.85 0.55 0.125

Copper −0.60 1.90 0.77 0.53 0.189

Iron −0.35 1.82 0.75 0.52 0.210

Nickel −0.44 2.08 0.83 0.53 0.281

Cobalt −0.04 1.83 0.74 0.53 0.235

Platinum −0.46 1.93 0.78 0.53 0.247

undercooled state for a real solid-liquid interface.
In order to use above model to determine the values of

solid-liquid interface energy of metals at undercooled state,
we should know not only the undercooling, but also the spe-
cific heats of solid metal and undercooled liquid metal. The
specific heat of solid metal varies with temperature. The rela-
tionship between the specific heat of solid metal and temper-
ature can be directly measured by experiment. The specific
heat of liquid metal is a constant for many metals.17) The val-
ues of Cp,s, Cp,l and the maximum undercoolings that metals
have reached are listed in Table 4 and Table 5 respectively.

According the values of Cp,s and Cp,l in Table 4, and ∆T in
Table 5, we have determined the solid-liquid interface ener-
gies for the metals at the undercoolings. The results are listed
in Table 6. It can be seen that the values of non-dimensional
solid-liquid interface energy for the metals at their maximum
undercoolings are in a region from 0.52 to 0.56.
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4. Comparison and Discussion

4.1 Comparison of present result for metal at melting
point with the value of solid-liquid interface energy
measured from grain boundary method

Miller and Chadwick3) performed grain boundary melting-
type experiments. From the measured curves of the solid-
liquid interface energy of alloys as a function of the composi-
tion, they extrapolated the values of solid-liquid interface en-
ergy for pure metals at the melting point. It can be concluded
that, from their experimental results, the non-dimensional
solid-liquid interface energy for metals at melting point is in a
region from 0.66 to 0.75. As is listed in Table 3, from present
model, the predicted non-dimensional solid-liquid interface
energies at melting point for metals are in a region from 0.66
to 0.73. Obviously, the solid-liquid interface energies from
present model are in very good agreement with the experi-
mental results obtained by Miller and Chadwick.3)

Gündüz and Hunt1, 2) have developed a technique to rou-
tinely measure the solid-liquid interface energies in eutectic
systems. By measuring the shape of grain boundary cusps
after annealing in a temperature gradient, the solid-liquid in-
terface energies and grain boundary energies for Al–Si, Al–
Cu and Al–Mg alloys have been obtained. The results are
listed in Table 7. On basis of their results, we can sketch the
curve of the grain boundary energy (σ ∗

gb) or the ratio of solid-
liquid interface energy to the grain boundary energy (σ ∗

sl/σ
∗
gb)

as a function of the solute content in aluminum alloys (cw).
The results are showed in Fig. 2. It can be seen that curve of
σ ∗

sl/σ
∗
gb or σ ∗

gb as a function of cw is a smooth straight line. So
we can extrapolate the two smooth straight lines to the point
at which cw is zero to obtain the values of σ ∗

gb and σ ∗
sl/σ

∗
gb

for pure aluminum. The obtained values of σ ∗
sl /σ

∗
gb and σ ∗

gb

for pure aluminum are 0.5015 and 0.34 Jm−2, respectively.
Since the product of σ ∗

gb and σ ∗
sl/σ

∗
gb is σ ∗

sl , it can be calculated
that the value of solid-liquid interface energy (σ ∗

sl) for pure
aluminum is 0.1705 Jm−2. The non-dimensional solid-liquid
interface energy (φ∗

sl) corresponding to 0.1705 Jm−2 is calcu-
lated to be 0.7296, which is almost equal to the predicted re-
sult (0.73) in Table 3 from present model. So the solid-liquid
interface energy for aluminum predicted from present model
is in very good agreement with the experiment result obtained
by Gündüz and Hunt too.

4.2 Comparison of present result with the experimental
value of solid-liquid interface energy for metal at un-
dercooled state obtained from nucleation undercool-
ing method

On basis of homogenous nucleation theory, the solid-liquid
interface energy of metal at undercooled state can be esti-
mated from the measured undercooling. The accuracy of this

Table 7 The measured values of φsl and σgb in aluminum alloys.

Alloys σ ∗
sl (Jm−2) σ ∗

gb (Jm−2) σ ∗
sl /σ

∗
gb

Al–1.67 mass%Si 0.16901) 0.3361) 0.502

Al–5.7 mass%Cu 0.16341) 0.3251) 0.503

Al–17.4 mass%Mg 0.14922) 0.2952) 0.506

method depends on whether the measured undercooling is
that for homogenous nucleation. If it is not the undercool-
ing for homogenous nucleation, the estimated result will be
less than its real value. Table 8 is the obtained values of σ ∗

sl,T
and φ∗

sl,T from the undercooling measured in metals on basis
of homogeneous nucleation theory. The values of φ∗

sl,T from
present model and the percent error of φ∗

sl,T between present
model and the nucleation undercooling method are listed in
Table 8 too. It can be seen that the results from present model
are near to the experimental results obtained from the mea-
sured undercooling on basis of nucleation theory. The errors
between present model and nucleation undercooling method
for these metals are not greater than 8%.

For silver, nickel, copper, iron, cobalt and platinum, the
values of solid-liquid interface energy from the nucleation
theory method are equal to or almost equal to the results
from present model, which indicates that the undercoolings
obtained in these metals should have reached or almost have
reached the values for them to nucleate homogeneously. Jian
et al.9) have proved that the nucleation form of silver with the
undercooling in Table 5 is really a homogeneous one.

For gold and aluminum, the errors of solid-liquid interface
energy between present model and the nucleation undercool-
ing method are about 8%. The cause of producing these er-
rors for aluminum and gold may be different. For gold, it may
come from that only very limited experiments have been done
on its undercooling because it is very expensive. The error for
aluminum should result from its high chemical reactivity. As
is well-known, aluminum is a very high chemical reactive el-

Fig. 2 The ratio of solid-liquid interface energy to grain boundary energy
σ ∗

sl/σ
∗
gb and the grain boundary energu σ ∗

gb as a function of solute content
cw in aluminum alloys. (a) σ ∗

sl/σ
∗
gb, (b) σ ∗

gb.
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Table 8 Comparison of the present result with the experimental value of solid-liquid interface energy at the maximum undercoolings
listed in Table 5 obtained from nucleation undercooling method.

Elements
σ ∗

sl,T (Jm−2) φ∗
sl,T φ∗

sl,T φ∗
sl,T (PM)−φ∗

sl,T (NU)

φ∗
sl,T (PM)Nucleation undercooling method (NU) Present model(PM)

(%)

Gold 0.132 0.49 0.53 7.55

Silver 0.137 0.57 0.56 −1.79

Aluminum 0.116 0.51 0.55 7.27

Copper 0.185 0.52 0.53 1.89

Iron 0.204 0.51 0.52 1.92

Nickel 0.278 0.52 0.53 1.89

Cobalt 0.234 0.53 0.53 0

Platinum 0.240 0.52 0.53 1.89

ement. It is very difficult to obtain the state of homogeneous
nucleation in aluminum melt because it is almost impossible
to prevent aluminum react with oxygen and other elements.

4.3 Discussion
The solid-liquid interface of metals should be several atom

layers in thickness in view of a large zone in the interface.
But if we are in consideration of the solid-liquid interface in
a small zone of atomic scale, it should be similar to present
model in thickness or structure. So the results of solid-liquid
interface energy for metals from present model not only are
in very good agreement with the experimental results at melt-
ing point obtained from grain boundary methods, but also
coincide to the values of solid-liquid interface energy at un-
dercooled state attained from the measured undercoolings on
basis of nucleation theory.

5. Conclusions

A model for predicting the solid-liquid interface energy of
metals at melting point and undercooled state has been devel-
oped. The solid-liquid interface energy for metals decreases
with increasing undercooling. The predicted results of the
solid-liquid interface energy from present model for metals
are in very good agreement not only with the experimen-
tally measured results at melting point from grain boundary
method, but also with the experimental results at undercooled
state obtained from nucleation undercooling method. In terms
of present model, we can directly predict the solid-liquid in-
terface energy of metals if knowing several physical parame-
ters, which can be measured easily by experiments.
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